
 

MTH265WeekFridayLectureNotes
PowerSeriesandPowerSeriesRepresentations

Definition1 ThePowerseries
AseriesoftheformIICnx frsomesequence Cn iscalledapowerseries
HeretheseriesisevaluatedpointwiseThatisforeachxeR IfCnx isaseparateseries
AseriesoftheformIICnx a iscalledapowerseriescenteredatx a

TheQuestionisForwhichvaluesofXEIRdoesIgnx converge

Examplelil letIgX Thisisageometricserieswith r x Then IfX convergesifandonlyif11 1

Example112 ConsiderIgnxn L him ang himhttp him nti x i

IfX Othen 1 0and I n x convergesbytheRatioTest
IfX OthenL limn ntiX1 Nand In x divergesbytheRatiotest

AlgebraReview letf x beanyfunctionandKekbepositive
Then Ifix I k fix K or f x ki

If x c k e K fix K
I f x I K E fx C K or f x K

Example13 ForwhichxEBdoes s x I I'd converge

usingtheRatotest Enlim arant him43ft Im him x31 1 311
ThevalueofLdependsonX

absolutely
convergesbytheRatioTestHere XE12,47f1,3451Inns aids urgesbytheRatotestHere x et 0270140

137IfIX31 1 thenL landtheRatioTestisinconclusive Useanothertest
Casei X 3 1andX 4

5147 241431 Itindivergesasapserieswithpt E l
case ii x 3 1 andX L

s 2 IF1231 Éand convergessinceit'sthealternatingharmonicseries
ITandconverges ifandonlyifXE 2,4



Example1,4 TheBesselFundinofOrder0 Jox I 51 12 i FindallXERsitJolxconverges
himgethim12214ha 24 1 limoftp.t lhimlaYny.l o

SinceLcl forallXER Jox convergesfrallXeIRbytheRatioTest

Proposition2 LetETenxathbeapowerseriescenteredat ya
ExactlyoneofthefollowingistrueabouttheconvergenceofIcn x an

Icnx an convergesonlyforx a
Icn x a convergesforallxEIR
ThereexistsReIRsuchthat I onx an converges if Ix al r

andZenx a divergesif lx al R
Notethat ICnx a mayconvergeordivergeif Ix at R ie X Rta a x Rta

Definition3 LetEgonx a beapowerseriesWedefinetheradiusRandintervalIofconvergenceas
If ICnaa convergesonlyforX d R Oand I a

If Ian x anconvergesforallxeIR R N and I CD N R
IfthereexistsReRsuchthatZenx an converges if Ix at R

and Eonlx a diverges if Ix at R
thenR iscalledtheradiusofconvergenceand
I isoneof A R atR TaR atR CaR atRI TaR atR

example3.1 TheseriesITx hasaradiusofconvergenceR 1 andintervalofconvergence 1D
Example3,2 TheseriesIgnx has12 0 and I 03
Example3.3 TheseriesIT431 hasR l and 1 12,4
Example3,4 TheseriesIf5117 hasR D and I L D N R

Definition4 Afunctionfix admitsapowerseriesrepresentation ps r Ifanex a n
if fax Eganex a orsomeinterval I e R

RemarkThisisnotyettheTaylorseries

Example4.1 RecallthatÉgarn if Er i ApplyingthistoIgx weget
thegeometricpowerseriesgo Éxn



Proposition5 Letfix admitapowerseriesrepresentationf x Ianxn letpixbeapolynomial
Functioncomposition fpix admits apsr fpix Ioenpix i

Multiplication PCDfix admitsapsir px fix ÉCnpx x
ThepSiroffpix andpixfixmaynothavethesameintervalofconvergesasthatoffix

Fortheexamplesbelowletgo Itx withintervalofconvergenceClD

Example5,1 Finda pSirfor f x i sincefix gtx thenf x IE X IngeMxn

Sincegohasintervalofconvergence x 1143
thenfixhasintervalofconvergence x I x1 1 1at 1D

Example5,2 FindapSirforhx ply sincehlx glx thenhx EFXM IEDXm
withintervalofconvergence1 x2 112 1 1 1 Ct

Example5.3 FindapSirfora x Sincealx xfad then ax IgX Xn Fox
withintervalofconvergenceIXtct or Cl D

Example5.3 FindapSirfurbox yt i
bad I at L I II IFLE 221EM ITYET
Theseriesconvergesif 1 1 211 1 1 1 2 TheintervalofconvergenceisC2,27

Theoremle TermbyTermDifferentiation Integration

LetÉcalxa nbeapowerserieswithradiusofconvergenceR 0 let f x Igonexan
Then O f x Bdifferentiableon a R atR

f x daÉenx an Ifdafanx a n I annexan
I fo ax I Éanexan ax Ig anexait'dx C É faxash

withthepowerseriesofflax and Ifixaxhavingsameradiusofconvergenceasthatoffx
butnotnecessarilythesameintervalofconvergence



Fortheexamplesbelowletgo Éx withradiusofconvergenceR landintervalofconvergenceClD
Example6.1FindapSirforfix yip i

sincega s f x fix ÉdaXn Énx withR 1

Example612FindapSirforhlx In it x
sincehlx pig glx and hx Sgtx dx
h x Ig CD ax If Ic inx dx C ITGtfx

TofindC pluginX 0 hlo In1 0 O C IfEI ohtt C c o

h x ÉETx withR 1

Example6,3 Ca Evaluate fit dxasapowerseries bApproximatefishyaxtowithin107
Parta LetFx SHIdx ThenFIX gfXt dx EEXt dx

Ingfed x ax CtÉ4 x forsomeCeIRwithR 1
sinceITCDX hasR 1

Partb A 195,4ydx Flo5 FX Éf 10.577 Thisisanalternatingseries

Letby at 2
7h Thenbnispositiveanddecreasingfrnalandhim I o

AlternatingseriesApproximation
Theoremappliesand IA Sn k b

whereSNistheNthpartialsumofIbn
WecanfindN stbut c107bybruteforce N 2 by 2.03 106

N 3 by 1108 108 Thisisgood

É447 t 0.49951374 a A withinanerrorofto7


